Abstract. It is shown that for trees, the sum of products of degrees of endvertices of all edges has an upper bound in terms of the sum of all vertex degrees to the power of φ 2 , where φ is the golden ratio. The exponent φ 2 is best possible. This inequality is generalized for all graphs with bounded maximum average degree, and has applications in the study of crossing numbers of graphs.
In a study of upper bounds on the crossing number of graphs [1, 2] , the authors noted that for every graph G, if d(v) denotes the degree of each vertex v ∈ V (G), then
with equality for every regular graph (that is, if d(u) = d(v) for all u, v ∈ V (G)).
The proof is an easy exercise. While the exponent of 3 in the right-hand side of (1) cannot be improved for regular graphs, for classes of graphs that allow for many different vertex degrees, such as trees and planar graphs, it is natural to ask what is the minimum exponent such that every graph in the class satisfies an analogous inequality (allowing 1 2 to be replaced by some other constant).
We answer this question for trees and planar graphs. In fact, our result holds in a more general setting, which we now introduce. Let d(G) denote the average degree of a graph G. Note that for every tree T ,
Similarly, it is a simple consequence of Euler's formula that every planar graph has average degree less than 6. Note that every subgraph of a planar graph G is also planar and thus its average degree is also less than 6. This motivates the following definition. The maximum average degree of a graph G is the maximum of the average degrees of the (induced) subgraphs of G:
It is natural to ask whether (1) can be improved for classes of graphs with bounded average degree. The following theorem answers this question. It is interesting and surprising that the golden ratio φ = 1.618 . . . naturally arises in this context. Theorem 1. For every k ∈ N and every graph G with maximum average degree at most 2k,
where φ = 1 2
(1 + √ 5 ). Moreover, both the exponent φ 2 and the constant k 2−φ are best possible.
For comparison with (1), note that φ 2 = φ + 1 = 2.618 . . ..
The proof of Theorem 1 relies on the following special case of the Weighted Arithmetic Mean -Geometric Mean Inequality (see [4, page 22] for example): for positive real numbers x, y, p, q such that p + q = 1,
Hakimi [3] proved that a graph G has an orientation with maximum outdegree at most k if and only if G has maximum average degree at most 2k. Fix such an orientation for G. For each arc − → uv of G, by (3) with
Summing over all arcs, and since d
This completes the proof of (2) in Theorem 1.
We now show that the exponent φ 2 and the constant k 2−φ in (2) cannot be improved. We use the following notation. For a real number x, let ⌈x⌉ be the ceiling of x, which is the smallest integer that is greater than or equal to x. For a positive integer t, let [t] denote the set {1, 2, . . . , t}.
Take any ε > 0. Our goal is to construct a graph G with maximum average degree at most 2k such that
First consider the case when k = 1. Choose integers a and R that are sufficiently large so that R 2 and a 4 and e 3a −1 (1 + (R − 1) −1 ) 1 + ε. Let T be the tree with R + 1 levels L 0 , . . . , L R , where L R consists of a single root vertex, each vertex in L i has ⌈a
, and L 0 consists entirely of leaves. Note that for i ∈ [R − 1],
We need a lower and an upper bound on |L i | with the ceilings removed. Note that the exponents in (5) form a geometric progression and that
This gives the lower bound:
To obtain an upper bound we use the inequality,
We also use that a −φ < 1 2 a −1 (since a 4), which implies that
Now, for every i 0:
where the last inequality follows from (8). Let E i be the set of edges of T between L i and L i−1 for each i ∈ [R]. Note that |E i | = |L i−1 |, and for each edge uv ∈ E i we have
We obtain a lower bound for uv∈E(T ) d(u)d(v) as follows:
On the other hand, we obtain an upper bound for v∈V (T ) d(v) φ 2 as follows:
The first term in the previous line is smaller than a φ R+1 · e a −1 . The second term has an upper bound given by (9). Finally, each term in the remaining sum can be estimated in a similar way as (9):
This implies that
Hence, by (10) and by the choice of R and a,
This proves (4) for k = 1, and shows that Theorem 1 is best possible up to a factor of 1 + ε.
To obtain the same result for higher k, simply take a blow-up G of T in which each vertex is replaced by a stable set of k vertices and each edge is replaced by a copy of K k,k . This multiplies all the degrees by a factor of k, and replaces each (kd T (u))(kd T (v)) = (1 + ε)
which proves (4). To see that G has maximum average degree at most 2k, orient each edge of T towards the root, and then orient each edge of G by following the orientation of the corresponding edge in T . Thus each vertex of G has outdegree at most k, and G has maximum average degree at most 2k by the result of Hakimi [3] mentioned above.
